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P O  The equations of steady axisymmetrical flow may be wr i t ten  
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r - a (pu)  4 pu + - a ( p v )  + p(u+v cot  e )  = o 
ar ae 

Here r is a radius  vec tor ;8  i s  t h e  angle between any axis 

(coinciding with t h e  undisturbed motion of t h e  gas)  and t h e  radius vector; 

u i s  the  project ion of t h e  velocity on r; v l e  t h e  project ion of the  

veloci ty  on a perpendicular t o  r; p is  the  densjty; p i s  pressure; 
-k 

s =  PP is a quant i ty  characterizing t h e  entropy of t h e  gas. The term 

u+v c o t  6 characterizes t h e  axisymmetricalness of t h e  stream i n  t h e  case 

of two-djmensional flow t h i s  term vanishes. 

( 2 )  I Let us introduce the  quant i ty  w = 2; then (1) bccomos 
P 

p'r ruutr + vu8f - v2 + rwrt + rw - = 0 

ruvar + Y 
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~ + u v + w ' ~ + w - = o  ' ' e  
P 

pt, !?e 
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r u t r + u + v t e  + v u - + v -  + u + v c o t e = o  
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( 3 )  

Let us introduce 
U U 201 a 

u = r l x  v = = r l x , w = r  ly,p=r"q 
1, 2 

where xl, x2, y, 7 are functions of one independent variable 

(4)  
% e  z = r  e 

As a result, we arrive at a system of equations, describing the 

2 ? a x  + a x x ' + x x  
1 1  3 2 1  2 1  

automodel steady motion of a gas: 
i 

f 8 ( U ~ X ~  + q) + (24) %xi = (k-1) - 1' (%XI + ~ 2 )  

P 
2 

Here, f o r  example, x: = dxl/d In Z. 

In case % = 0, 

ansumed "automodel" f om. 

z = 9' the system (5) ha3 a solution in the 

If u3 # 0, then the deoired solutions may occur only f o r  two-  

dimensional motion of a gas when x1 + x2 cot 0 vanishes, inasmuch 

a8 in the opposite case 8 clearly enters in the equation the solution 

of which, according to the hypothesis, must not depend on 8 , 

Let us investigate first the case 

Here, if we eliminate 3' , 

u3 = , O .  

then ( 5 )  may be reduced to the form: 
7 

UlX12+ x x' - x 2+ (a1+ us) y = 0 
2 1  2 
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Ht:rc, f o r  ex3mple, x" = dx,/de. 
1 

Hence it 5s easy t o  f i n d  Busemannts [I] solut ion,  appearing as 

gcncra l iza t ion  of t h e  Prandtl-Meyer [27 solut ion.  

Let us assume t h a t  a = a 0. Then all t he  parameters 
1 2 

u, v, p, p arc funct ions only of the polar  angle 8 and equat ions(6)  

tnke t h e  form: 

The first equation y ie lds  

u t  = v (7)  

The second r e l a t i o n  is  t h e  Bernoui l l i  equation; it y i e l d s  

( 8 )  2 k? u;! + v2 + -- = A" = const 
k-1 . 

After transformation, t h e  t h i r d  equation becomes 

-11 = u + u *  c o t  e .3 
( u  +u") [- 

k-1 A2-( u2-u t2) 1 
It I s  not d i f f i c u l t  t o  be convinced t h a t  f o r  these  motions 

S = const. I n  t h e  case of plane motion, t h e  term u + u.' c o t  6 

vznishes and w e  arrive a t  t h e  Prandtl-Meyer' so lu t ion  

( 9 )  

I n  t h e  general  case for automodel plane motion (whena3#O) we 

have, s t a r t i n g  from equations (?), t h e  r e l a t ions  (el iminat ing ~ ~ / v ) :  
2 t z k  

a 1 1  x + a$x,xl + x2x: - x2 + CLy' + 

) y = O  
1 

X ( 2 a + a + a q 3 - -  S-k 
1 2 2 k-1 %x,-x, 

(l+al)X1X2 + a x xcf + x2x2't ky* - + - s k  xly - i - 0  
3 1L k-1 k-1 "2 u3xl + x2 
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It is  evident t ha t  t ke  probl-em must’first be reduced t o  t w o  

. , ra inary d i f f e r e n t i a l  equations of first degree and then f u r t h e r  t o  one 

e q m t i  m of ffrst, degree ( s ince  the equations are fiomogsneous ) . 
These equations a r e  \ 

L e t  us ictroduce x = txl, y = qx12; then equations (12) become 
2 

-- k”s (-9 (1. + a + 22) 
k-1 de 1 k-1 

a1 N = (l+a + --) (s + e  + *e%A) - 
k-1 k-1 1 

k+l  r 2 2-k % 
k-1 - - b 3 + E )  p l - E  + ~ ( 2 U 1 + u * + -  
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k d  
(1 + % + -2) (s + E  + -A) 

k-1 k-1 de 

Solving (13), we f i n d  7 = q ( E ) ,  xl = x (E ); mweover, w e  1 

d e t e m i n e  x2 = x2(xl) and y = y(x l )  and then z = ,(xi.). 

i3U r -  a v  + v which yields  % =  ar I n  the case of norlvortlcal flow, 

f c : r  automodel motion 

dx - -  - a3 a + x2 (l+ul) b l  

dlnz dlnz 

Far axlsymnetric motions (u3d0 1 solving j o i n t l y  equations (14) and 

( 6 )  we f i n d  t h a t  the  i r r o t a t i o n a l  flow i s  only possible for al = a2 = 0; 

i n  the  same vay, the  Busemann solut ion i s  the  unique "automodel" 

T r r o t a t i  onal s o l v  t ion.  

Tlic s?,me r e s u l t  occurs f o r  plane motion ( i n  the- case of i r r o t a t i o n a l  

flow). 

coef f ic ien ts  of y and yl , we f i n d  t h a t  2al + a. = 0. 

Compnring t h e  f i r s t  and second of t h e  equations (ll), the  

2 

Here must be: 

a x z + a  5 5' ,+ x2+ x.2 = a (l+a )x x + a x x t ( a  + 1) 
1 1  3 1 1 2  3 2 2  3 

. 


